Introduction
Let p be a prime number and K be a complete discrete valued field of characteristic zero with residue field k K of characteristic p. Let L/K be a finite Galois extension with Galois group G, such that the induced extension of residue fields k K /k L is separable. Let W n (O L ) denote the ring of Witt vectors of length n in O L . In [2] , Hesselholt conjectured that the pro-abelian group {H 1 (G, W n (O L ))} n∈N vanishes, which means that for every integer n, there exists m > n such that
is zero. As explained in [2] , this can be viewed as an analogue of Hilbert theorem 90 for the ring of Witt vectors W (O L ).
In order to prove the above conjecture, one easily reduces to the case where L/K is a totally ramified Galois extension of degree p (see Lemma 3.1) . For such an extension, let s = s(L/K ) be the ramification break (see [4, 
As a corollary of the above result we will show the following.
We thank the referee for pointing out to us the difference between the vanishing of the pro-
The former means that for every n ∈ N, there exists an integer m > n such that the map
is zero and is stronger than saying that lim ←− H 
is zero for n = 1. Then the same is true, for all n 1. In particular the pro-abelian group
Thus, in view of the above lemma and Lemma 3.1, to prove Theorem 1.1, it is enough to prove the following. 
Remarks on addition of Witt vectors
The main observation of this section is Lemma 2.2, which lies at the heart of the proof of Theorem 1.1. We first recall from [4, II] how addition of Witt vectors is defined. For every positive integer n,
One now defines addition of Witt vectors (thanks to Theorem 2.1) in such a way that if 
In other words, in Eq. (1) above
Since φ i 's are polynomials with integral coefficients, the expression makes sense in all characteristics.
We now consider addition of p-many Witt vectors. Let
By the above discussion, for every 0 i n, there exist polynomials in
The following observation is about the nature of these polynomials. In order to state this observations, without loss of generality we work over the polynomial ring
Lemma 2.2. Let p be a prime number, and let R n be the polynomial ring as above. For every i n, the polynomial ring R i is a subring of R n . Let x
where each monomial of f has degree p. We set f 0 = 0.
and each monomial appearing in h −2 has degree p Proof. (1) By the definition of addition of Witt vectors by using ghost polynomials we have, for 0
Using the expression for the polynomials w and rearranging, we get
The claim that f has integral coefficients follows from Theorem 2.1. All the terms above involving the variables x ij , 1 i p, 0 j − 1 will have monomials of degree p. This shows that every monomial appearing in the expression of f has degree p.
As p is a prime number, every binomial coefficient 
Proof of the main theorem
In this section, we prove Theorem 1.4. As mentioned before, the main theorem, Theorem 1.1, follows immediately from Theorem 1.4 and Lemma 1.3. Throughout this section v K (resp. v L ) will denote normalized valuation on K (resp. on L) so that their values at the respective uniformizers are equal to 1. 
Lemma 3.1. Let p be a prime number and L/K be a finite Galois extension of complete discrete fields with
G = Gal(L/K ). Suppose that k L /k K is
Proof. (i) ⇒ (ii) is obvious. Now we prove (i) assuming (ii).
Let L/K be any Galois extension of complete discrete valued fields. Let L t be the maximal subfield of L which is tamely ramified over K . The extension L t /K is Galois and let 
where for a ∈ M, tr(a) = g∈G ga. Thus in the case at hand, where L/K is a cyclic Galois extension, we have a canonical isomorphism
Henceforth, for K as before, we assume L/K is a totally ramified cyclic extension of degree p. For such an extension we will denote by s the ramification break. To prove Theorem 1.4 we need following lemmas and results from [2] . 
Since z i = 0 for all 0 i n − 1, the above claim follows directly from Lemma 2. 
Proof. The claim that h −2 ∈ O K follows from the following equation (see Lemma 3.5) 
The lemma now follows from the fact that
Proof of Theorem 1.4. By Lemma 3.2, to prove Theorem 1.4 it is sufficient to find M ∈ N such that,
Step (1): Let n be a positive integer and (x 0 , . . . ,
tr=0 . We will prove by induction 
Thus, using Lemma 3.4 we get 
